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Distillation of free entanglement from bound-entangled states using weak measurements
S. Baghbanzadeh and A. T. Rezakhani
Department of Physics, Sharif University of Technology, Tehran, Iran
We propose a scheme for distillation of free bipartite entanglement from bipartite bound-entangled states.
The crucial element of our scheme is an ancillary system that is coupled to the initial bound-entangled state
via appropriate weak measurements. We show that in this protocol free entanglement can be always generated
with nonzero probability by using a single copy of the bound-entangled state. We also derive a lower bound on
the entanglement cost of the protocol and conclude that, on average, applying weaker measurements results in
relatively higher values of free entanglement as well as lower costs.
PACS numbers: 03.67.-a, 03.65.Ud, 03.65.Ta
I. INTRODUCTION
Entanglement [1] is a physical resource that plays a lead-
ing role in performing quantum computation and quantum in-
formation processing [2]. This is also helpful in understand-
ing relevant properties of many-body quantum systems. It
has been shown [3, 4] that a singularity in the entanglement
profile of the ground state of a many-body system, even a
change in the type of its entanglement from bound (free) to
free (bound) [5], can be accompanied by quantum phase tran-
sitions.
Bound-entangled states are states from which no pure en-
tanglement can be extracted only by local operations and clas-
sical communications (LOCC) [6, 7]. However, recent studies
unveil the usefulness of these states in some protocols such
as secure quantum key distribution [8], remote quantum in-
formation concentration [9], quantum data hiding [10], chan-
nel discrimination [11], and reducing communication com-
plexity [12]. It was also indicated [13, 14] that application
of any bound-entangled state along with some free-entangled
state can increase the teleportation power of the free-entangled
state. Preparation of some particular bipartite and multipar-
tite bound-entangled states is now possible in nuclear mag-
netic resonance [15], optical [16–20], as well as ion-trapped
systems [21]. Moreover, bound entanglement can naturally
arise, e.g., in the XY spin model through applying an exter-
nal magnetic field [22], in the Jaynes-Cummings model [23],
as well in strongly-correlated graph states at thermal equilib-
rium [24, 25].
Bound entanglement can be “activated” (or “unlocked”)
into free entanglement [1, 13]. For example, in the multipar-
tite case, a distillable ensemble can be obtained from a ten-
sor product or a mixture of some non-distillable (i.e., bound)
ensembles [26, 27]. Additionally, in multipartite bound-
entangled states, if two parties carry out a Bell-type mea-
surement on their particles, the other parties can distill free
entanglement by LOCC [28, 29]. Alternatively, in the bipar-
tite case, both unitary [30] and nonunitary [31] evolutions of
bound-entangled states may result in the birth of free entan-
glement.
Here, we demonstrate that, by attaching an ancillary qubit
to a bipartite bound-entangled state and performing two weak
measurements between each party of that state and the ancilla,
one can transform this bound entanglement to free entangle-
ment with a nonvanishing probability. Measurements we em-
ploy here are “weak” in that they do not disturb the initial
state strongly; thus, after performing the weak measurements,
there is some probability with which strong or projective mea-
surement does not occur [32–34]. Note that we do not rule
out the existence of similar distillation scenarios with strong
or projective measurements; here we only focus on a weak-
measurement scenario. Our approach has a lower cost than
the protocols suggested in Refs. [28, 29, 35] because, (i) the
measurement operators we use have less nonlocal content than
the Bell-type measurements, and (ii) we do not need to share
any free-entangled state between parties. Furthermore, unlike
existing distillation [36–38] and entanglement generation [39]
protocols, we do not use any unitary operation either. Some
environmentally-induceddecoherence scheme may inhibit ap-
plying unitary operations, whence our scheme provides a con-
trollable method for distillation of free entanglement from bi-
partite bound-entangled states.
II. BOUND-ENTANGLED STATES AND WEAK
MEASUREMENT SETTING
We illustrate our scheme through three qutrit-qutrit bound-
entangled states shared between an “Alice” and a “Bob”:
a state which is complementary to the tiles unextendible
product basis [40]; χ1 = 14 (1 −
∑4
i=0 |ψi〉〈ψi|), in which
|ψ0〉 = |0〉(|0〉 − |1〉)/
√
2 , |ψ1〉 = (|0〉 − |1〉)|2〉/
√
2 ,
|ψ2〉 = |2〉(|1〉 − |2〉)/
√
2 , |ψ3〉 = (|1〉 − |2〉)|0〉/
√
2 , and
|ψ4〉 = (|0〉+|1〉+|2〉)(|0〉+|1〉+|2〉)/3; and two Horodeckis’
states [41]
χ2(a) =
1
1+8a


a 0 0 0 a 0 0 0 a
0 a 0 0 0 0 0 0 0
0 0 a 0 0 0 0 0 0
0 0 0 a 0 0 0 0 0
a 0 0 0 a 0 0 0 a
0 0 0 0 0 a 0 0 0
0 0 0 0 0 0 1+a2 0
√
1−a2
2
0 0 0 0 0 0 0 a 0
a 0 0 0 a 0
√
1−a2
2 0
1+a
2


,
and χ3(b) = (2|Φ+〉〈Φ+|+ bΣ++(5− b)Σ−)/7, in which
|Φ+〉 = (|00〉+|11〉+|22〉)/√3 , Σ+ = (|01〉〈01|+|12〉〈12|+
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FIG. 1: (Color online) Degree of weakness of the measurement, ζ,
vs parameter x for β = 1/10, 1/5, 3/10, and 2/5 (from bottom to
top). ζ is symmetric around β = 1/2. According to the argument
bellow Eq. (3), it is clear that for all βs, the measurement is strong
when x = 1. Depending on the value of β, the measurement is
significantly weak when x ∈ (1/√3 , 1/√2 ).
|20〉〈20|)/3, and Σ− is the swap of Σ+ [13]. The state χ2 is a
function of parameter a ∈ [0, 1]. This state is separable when
a ∈ {0, 1}, otherwise it is bound-entangled [41]. The state
χ3 is a function of a parameter b ∈ [2, 5]. For b ∈ [2, 3] this
state is separable, for b ∈ (3, 4] it is bound-entangled, and
otherwise it is free-entangled [13].
To quantify the free entanglement created via measurement,
we use “negativity” [42], defined for a bipartite d× d′ system
̺AB (when d < d′) as [43]
N = (‖̺TB‖1 − 1)/(d− 1). (1)
Here ̺TB denotes partial transposition with respect to the
second party, which according to the Peres-Horodecki crite-
rion [44], is negative when the state ̺AB is free-entangled.
In this case, N is positive, otherwise it vanishes. Recall that
‖B‖1 = Tr[
√
B†B ], and in a given basis ̺TBij,kl = ̺il,kj .
We note that, since the positivity of the partial transposition
of a state does not change with LOCC [6], one may need to
consume some sort of nonlocality (at least indirectly) in order
to transform bound entanglement into free entanglement. We
share one of the states, χ1, χ2(a), or χ3(b), between Alice and
Bob, and attach an ancillary qubit ̺C to this system. Now, first
Bob (next Alice) performs a joint weak measurement on his
(her) own particle and this ancilla as follows:
Mi =
3∑
j=1
εj⊕(i−1)Pj , (2)
where i ∈ {1, 2, 3}, ⊕ denotes modulo 3 sum, εl ∈ [0, 1]
are some real parameters such that
∑3
l=1 ε
2
l = 1 (hereafter
we rename ε0 as ε3), and Pjs are some orthogonal projectors
(specified later) which satisfy∑3j=1 Pj = 1 . It is thus evident
that
∑3
i=1M
†
iMi = 1 . The result of this weak measurement
can be described as
Eζ(X) = (1− ζ)Estrong(X) + ζX, (3)
where ζ = ε1ε2 + ε2ε3 + ε1ε3, and Estrong(X) =∑3
j=1 PjXPj denotes the strong or projective measurement.
That is, with probability (1 − ζ) the strong measurement
Estrong is applied, whereas the state does not undergo any
change with probability ζ. The smaller ζ is, the stronger the
measurement is.
The post-measurement state of Alice, Bob, and ancilla be-
comes
̺ABCij =
MACj M
BC
i
(
χAB ⊗ ̺C)MBCi MACj
Tr
[
MACj M
BC
i (χ
AB ⊗ ̺C)MBCi MACj
] , (4)
where we choose
P1 ≡ 1 3×2 − |φ〉〈φ| − |ψ〉〈ψ|,
P2 ≡ |φ〉〈φ| , P3 ≡ |ψ〉〈ψ|, (5)
with |φ〉 = α|00′〉 + √1− α2 |11′〉 and |ψ〉 =√
1− α2 |00′〉 − α|11′〉, where α ∈ (0, 1). Here |0′〉 and
|1′〉 are the basis vectors of the Hilbert space of the ancillary
qubit. In addition, we choose ε1 = x, ε2 =
√
β(1 − x2) , and
ε3 =
√
(1 − β)(1 − x2) , in which x ∈ [0, 1]. Note that the
case β = 1/2 (i.e., ε2 = ε3) is not of interest because in this
case no entanglement is induced by measurement between the
bound-entangled state and the ancilla when the outcome of
measurement is M1. Figure 1 depicts the behavior of ζ vs pa-
rameter x, for some fixed values of β. We shall demonstrate
that our protocol generates free entanglement from bound en-
tanglement when the measurements are generically weak.
III. DISTILLATION OF FREE ENTANGLEMENT
For specificity, hereon we fix the value of β to 1/10. More-
over, we take α = 1/
√
2 , for which the entanglement con-
tent of the measurement projectors P2 and P3 becomes max-
imal. However, we also discuss the α 6= 1/2 in the sequel as
well. Furthermore, we initialize the ancilla qubit in the state
(|0′〉+ |1′〉)/√2 .
Suppose that initially Alice and Bob share the state χ1.
Figure 2 shows the variation of negativity of their post-
measurement state, ̺ABij = TrC [̺
ABC
ij ], in terms of x, for
different outcomes of measurements. It is remarkable that in
this case, all x ∈ (0, 1/4] yield the free entanglement with
certainty.
If Alice and Bob begin with the state χ2(a), negativity of
the post-measurement state behaves as in Fig. 3. This figure
demonstrates that: (i) in all outcomes, there exist intervals of x
in which transition from bound entanglement to free entangle-
ment occurs. In particular, when x ∈ (0, 0.05], one can assure
that the transition takes place with a high probability; that is,
seven out of nine total cases show nonvanishing amounts of
free entanglement. (ii) For all allowed values of a 6= 0 this
transition occurs (for some values of x). (iii) For as not too
close to zero, the maximum amount of free entanglement is
created when the measurement outcomes M1 and M3 are ob-
tained for Bob and Alice, respectively.
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FIG. 2: (Color online) Free entanglement between Alice and Bob for different outcomes i = 1, 2 (dashed), and 3 (dotted and dot-dashed curve
in the middle panel) in terms of x when the initial state is χ1. Except the dot-dashed curve (which corresponds to the case α = 1/
√
4.3 ), the
other curves correspond to α = 1/
√
2 .
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FIG. 3: (Color online) Entanglement of the state of Alice and Bob after weak measurement as a function of x, when the initial state is χ2(a)
and α = 1/
√
2 . In each panel, different curves pertain to the values of a = 1, 3/4, 1/2, 1/4, and 1/50 (from top to bottom).
A similar analysis shows that when χ3(b) is the initial
state, after the measurement, free entanglement is gener-
ated between Alice and Bob for all b ∈ [2, 4] with nonzero
probability—plots not presented here. The overall behavior
of NA,B , for each measurement outcome is also akin to that
of χ2(a), with the difference that in this case, even when the
measurement outcomes are the same (i = j), the points at
which negativity vanishes depend on both b and x.
If α approaches 0 or 1, the maximum value of NA,B may
increase or decrease depending on the outcomes and the value
of a and b for the initial states χ2(a) and χ3(b). For example,
in the case of the initial state χ1 and the outcomeMAC2 MBC3 ,
NA,B takes its maximum value at α ≈ 1/
√
4.3 (see the dot-
dashed curve in the middle panel of Fig. 2). The interval of x
in which the transition occurs may also increase or decrease
for all initial states, but here the point is that for all α 6= 0, 1
one can distill free entanglement with nonzero probability (for
the initial state χ3(b), this is correct for b = 4). For example,
we showed the results corresponding to α = 1/100 in Fig. 4.
To get further insight on the cost of generating free en-
tanglement between Alice and Bob, we investigate the non-
locality content of the applied (weak) measurements. Note
that the pre-measurement state of Bob and ancilla is a prod-
uct state. Thus, the average entanglement of their post-
measurement state can be considered as a lower bound on
the nonlocality that this measurement contains. A similar ar-
gument is also applicable to the measurement performed on
the Alice-ancilla state in the next step since this state before
measurement is separable—because it can be checked that its
negativity is zero and since this state is 3× 2, positivity of its
partial transposed implies its separability. We remark that the
method proposed in Ref. [45] to identify nonlocal cost of a
measurement does not seem suitable to apply in our scenario,
because in that method the pre-measurement state is maxi-
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FIG. 4: (Color online) Free entanglement between Alice and Bob in terms of x for different outcomes when α = 1/100 and the initial states
are χ1 (up) and χ2(a) (down, for different values of a mentioned in the caption of Fig. 3). For the initial state χ1, solid, dashed, and dotted
curves correspond to i = 1, 2, and 3, respectively. For the initial state χ2(a), the results corresponding to the same measurement outcomes
i = j are depicted.
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FIG. 5: (Color online) The average negativity of Alice and Bob’s state after measurement (left) and entanglement cost (right) vs x for both
initial states χ1 (dashed curves) and χ2(a) (and different values of a mentioned in the caption of Fig. 3) when α = 1/
√
2 . The top curve in
the right panel corresponds to χ2(1/50). It is remarkable that NA,B takes a local maximum for significantly weak measurements, where the
entanglement cost has a local minimum.
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FIG. 6: (Color online) Genuine tripartite entanglement, EABC =
N 2AB,C − (N 2A,C +N 2B,C) [46], as a function of x, for initial states
χ1 (dashed curve) and χ2(a) (for the values of a as in the previ-
ous figures) when α = 1/√2 . The lowest curve corresponds to
χ2(1/50).
mally mixed, and the method uses a clever trick to remove the
effect of the initial state on the nonlocality content of a mea-
surement. Taking all these points into account, an estimate for
nonlocality on the measurements in our scheme is as follows:
Mcost =
3∑
j=1
[
pB,C(j)NB,C(j) +
3∑
k=1
pA,C(j, k)NA,C(j, k)
]
,
where pB,C(j) [pA,C(j, k)] in the first (second) term denotes
the probability of obtaining the result(s) j (j and k) after a
joint measurement over party B and ancilla C (A and ancilla
C), and NB,C(j) [NA,C(j, k)] is the negativity of the post-
measurement state of the same parties, corresponding to the
same result(s). We consider Ecost ≡ Mcost − NA,B as the
entanglement cost of our distillation scenario (depicted in the
right panel of Fig. 5). Here, NA,B denotes the average of
free entanglement generated between Alice and Bob after the
measurements (see the left panel of Fig. 5). The curves shown
in the right panel of Fig. 5 present the behavior of Ecost ver-
5sus x for different initial states χ1 and χ2(a). It should be
remarked that, in our protocol, measurements indeed can gen-
erate entanglement in the (AB)C, A(BC), and B(AC) bi-
partitions as well as genuine tripartite entanglement (Fig. 6).
Nevertheless, since here we are only interested in the gen-
erated entanglement between A and B, in our analysis we
only subtract this entanglement from the measurement cost
in order to obtain a lower bound for the entanglement cost
of our scenario. One should also note that the existence of
all these correlations naturally restricts the amount of free en-
tanglement generated between Alice and Bob after measure-
ments. Figures 1 and 5 imply that if Alice and Bob choose
the measurement strength from the significantly weak ranges,
e.g., x ∈ (0.65, 0.75), they can distill relatively high amounts
of free entanglement with relatively low cost. Having said
all this, to give a better estimate of how much nonlocality is
needed in our scenario, a more detailed analysis in which all
sorts of entanglement (bipartite and tripartite) are taken into
account is needed. For our purposes, however, the given anal-
ysis suffices.
A final remark is in order here. It might be argued that
our protocol transfers the initial bound entanglement to the
other partitions. However, it is straightforward to show that
in the range of parameters where distillation of free entan-
glement between A and B is successful there does not exist
any further bipartite bound entanglement in the total system.
Accordingly, our protocol does not distribute bound entangle-
ment within the system.
IV. SUMMARY
Here we have proposed a controllable scheme for distilling
free entanglement from bipartite bound-entangled states. Un-
like previous entanglement distillation protocols, our protocol
employs an ancillary qubit, and is based on weak measure-
ments, obviating the need to share any free-entangled state
between the parties. In this sense, our protocol uses a non-
distillable entangled state and transforms it into a “useful”
type without having to consume other useful states. Rather,
the entanglement is unlocked through the very measurement
process. Therefore, in order to analyze the cost of our pro-
tocol, we have compared how much entanglement needs to
be invested in the measurement process, and as a result how
much entanglement can be obtained. This argument has im-
plied that our protocol can generate useful entanglement with
a set of measurements which do not need much entanglement
to be realized.
There may still exist projective or strong measurements
which can also transform bound to free entanglement. Our
scheme can be a suitable alternative in situations, e.g., where
physical realization of such strong measurements is difficult.
Although we have illustrated our protocol with specific 3× 3
bound-entangled states, generalization to higher dimensional
and multipartite systems seems straightforward.
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